We give an integral lift of the Kronecker congruence for moduli of finite subgroups of elliptic curves. This leads to a uniform presentation for the power operation structure on Morava E -theories of height 2.
Introduction

Moduli of elliptic curves and of formal groups
The Kronecker congruence (1.1) j − j p j p − j ≡ 0 mod p gives an equation for a curve that represents the moduli problem [Γ 0 (p)] for elliptic curves over a perfect field of characteristic p. This moduli problem associates to such an elliptic curve its finite flat subgroup schemes of rank p. A choice of such a subgroup scheme is equivalent to an isogeny from the elliptic curve with a prescribed kernel.
The j-invariants of the source and target curves of this isogeny are parametrized by the coordinates j and j.
More precisely, the Kronecker congruence provides a local description for [Γ 0 (p)] at a supersingular point. For large primes p, the supersingular locus at p may consist of more than one closed point. In this case, the modular curve does not have an equation in the simple form above; only its completion at a single supersingular point does.
Integrally, there are polynomials that describe the modular curve for [Γ 0 (p)] over Spec Z. The "classical modular polynomials" lift and globalize the Kronecker congruence, while the "canonical modular polynomials," in a different pair of parameters, appear simpler (see the Modular Polynomial Databases in Magma for the terminology and numerical examples). Computing these modular equations for [Γ 0 (p)] can be difficult. As Milne warns in [Milne2012, Section 6], "one gets nowhere with brute force methods in this subject."
On a related subject, Lubin and Tate developed the deformation theory for onedimensional formal groups of finite height [Lubin-Tate1966] . Later, with motivation from algebraic topology, Strickland studied the classification of finite subgroups of Lubin-Tate universal deformations. In particular, he proved a representability theorem for this moduli of deformations [Strickland1997, Theorem 42].
At height 2, there is a connection between the moduli of formal groups and the moduli of elliptic curves. This is the Serre-Tate theorem, which states that p-adically, the deformation theory of an elliptic curve is equivalent to the deformation theory of its p-divisible group [Lubin-Serre-Tate1964, Section 6]. In particular, the p-divisible group of a supersingular elliptic curve is formal. Then the ring
Remark 1.4 As a result of a different choice of parameters, the last congruence above is not in the form of Kronecker's (cf. [Katz-Mazur1985, Remark 7.7.1] and see Section 2 below). In fact, let α denote the image of α under the Atkin-Lehner involution, so that α · α = (−1) p+1 p, which is the constant term of (1.3) as a polynomial in α. Dividing a factor of α from the modular equation w(h, α) = 0, we obtain a congruence 
Algebras of cohomology operations
The Adem relations
describe the multiplication rule for the Steenrod squares Sq i . These are power operations in ordinary cohomology with Z/2-coefficients. In general, for ordinary cohomology with Z/p-coefficients, the collection of its power operations has the structure of a Steenrod algebra.
Quillen's work connects complex cobordism and the theory of one-dimensional formal groups [Quillen1969] . From this viewpoint, ordinary cohomology theories with Z/pcoefficients fit into a framework of chromatic homotopy theory, as theories concentrated at height ∞.
The power operation algebras for cohomology theories at other chromatic levels have been studied as well. In particular, key to the chromatic viewpoint is a family of Morava E -theories, one for each finite height n at a particular prime p. More precisely, given any formal group G 0 of height n over a perfect field of characteristic p, there is a Morava E -theory associated to the Lubin-Tate universal deformation of G 0 . Via Bousfield localizations, these Morava E -theories determine the chromatic filtration of the stable homotopy category.
There is a connection between (stable) power operations in a Morava E -theory E and deformations of powers of Frobenius on its corresponding formal group G 0 . This is Rezk's theorem, built on the work of Ando, Hopkins, and Strickland [Ando1995, Strickland1997, Strickland1998, Ando-Hopkins-Strickland2004]. It gives an equivalence of categories between (i) graded commutative algebras over a Dyer-Lashof algebra for E and (ii) quasicoherent sheaves of graded commutative algebras over the moduli problem of deformations of G 0 and Frobenius isogenies [Rezk2009, Theorem B] . Here, the Dyer-Lashof algebra is a collection of power operations that governs all homotopy operations on commutative E -algebra spectra [Rezk2009, Theorem A].
At height 2, information from the moduli of elliptic curves allows a concrete understanding of the power operation structure on Morava E -theories. Rezk computed the first example of a presentation for an E -Dyer-Lashof algebra, in terms of explicit generators and quadratic relations analogous to the Adem relations (1.5) [Rezk2008] . Moreover, he gave a uniform presentation, which applies to E -theories at all primes p, for the mod-p reduction of their Dyer-Lashof algebras [Rezk2012, 4.8] . Underlying this presentation is the Kronecker congruence (1.1) [Rezk2012, Proposition 3.15].
In this paper, we provide an "integral lift" of Rezk's presentation, in the same sense that Theorem 1.2 above lifts the Kronecker congruence. We start with the following. Theorem 1.6 Let E be a Morava E -theory spectrum of height 2 at the prime p. There is a total power operation
where I is an ideal of transfers.
(i) The polynomial
can be given as (1.3) from Theorem 1.2. In particular, w p+1 = 1, w 1 = −h, w 0 = (−1) p+1 p, and the remaining coefficients
This leads to the following.
Theorem 1.7
Continue with the notation in Theorem 1.6. Let Γ be the Dyer-Lashof algebra for E , in the sense of [Rezk2009] , which is the ring of additive power operations on K(2)-local commutative E -algebras.
Then Γ admits a presentation as the associative ring generated over E 0 ∼ = W F p h by elements Q i , 0 ≤ i ≤ p, subject to a set of relations.
(i) Adem relations
where the first summation is vacuous if k = p.
(ii) Commutation relations where r = h − p 2 + (−1) p , s = p + (−1) p , and
the first summation for e n being vacuous if p + 2 ≤ n ≤ 2 p, and being vacuous in its term m = 0 if n = 0. Remark 1.8 The Dyer-Lashof algebra Γ has the structure of a twisted bialgebra over E 0 . The "twists" are described by the commutation relations above. The product structure is encoded in the Adem relations. Certain Cartan formulas give rise to the coproduct structure.
In Section 4.2 below, we will present a proof for the commutation relations, in such a way that the same method applies to give the Cartan formulas: for each 0 ≤ k ≤ p, Q k (xy) equals the expression on the right-hand side of the commutation relation for Q k h, where r = h − p 2 + (−1) p and s = p + (−1) p as above, and 
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Parameters in a modular equation
In this section, we discuss preliminaries needed for proving the main results. For some of the details, with examples, we refer the reader to [Zhu2015, Sections 2 and 3].
Given a formal group G 0 over F p of height 2, let G be its universal deformation over the Lubin-Tate ring W F p h . Let E be a Morava E -theory spectrum of height 2 at the prime p, such that E 0 ∼ = W F p h and Spf E 0 CP ∞ ∼ = G.
Recall from [Zhu2015, Section 2.1] that there are P N -models for the above data, constructed from the moduli of smooth elliptic curves, where N > 3 are integers prime to p. Specifically, each P N is a moduli problem that encodes the choice of a point of exact order N and a nonvanishing one-form. It is represented by a scheme M N over Z[1/N]. Via the Serre-Tate theorem, the formal group of the representing elliptic curve is isomorphic to the universal deformation G of G 0 . Up to isomorphism, the E -theory is independent of the choice of a P N -model.
The purpose of choosing a P N -model is to enable explicit calculations for power operations in the E -theory. In particular, there are parameters from the moduli of elliptic curves that are both geometrically interesting and computationally convenient.
Recall from [Zhu2015, Section 3.1] that a total power operation ψ p on E 0 corresponds to a deformation of p-power Frobenius Ψ As a result of Lubin's isogeny construction in [Lubin1967, proof of Theorem 1.4], the parameter α plays a double role, which is important for our application. Algebraically, it is a norm by construction and is hence Γ 0 (p)-invariant [Zhu2015, Construction 3.1 (ii)]. Geometrically, it defines the cotangent map to the isogeny Ψ Given the geometric interpretation of α in Section 2 and in view of the Hasse invariant as defined in [Katz-Mazur1985, 12.4 .1], since the deformation parameter h = j − j 0 , the modular function α on Γ 0 (p) has a q-expansion
for some unit µ ∈ W F p × ∩ Z and a 0 ∈ Z such that a 0 ≡ 744 − j 0 mod p.
Thus for 2 ≤ i ≤ p, there exist constants w i ∈ pZ such that
On the other hand, we have
Comparing the two displays above, we then have
for some K ∈ Z. Passing to the mod-p reduction of this identity, we see that K ∈ pZ.
Therefore, by an abuse of notation, we can instead choose a deformation parameter h (and w i in (3.1) accordingly) such that
without changing the expressions for A 0 and A 1 (note that α and α are both independent of the choice of h). From this we obtain
In view of the expression (under the Atkin-Lehner involution) for A 1 as a free module over A 0 of rank p + 1, and in view of the q-expansions for h and α, we see that the last term O(1) above must be constant.
Applying the Atkin-Lehner involution to this polynomial relation between h and α, we then conclude that except for i = 1, the coefficients w i in (3.1) are all constants, or more precisely, w i ∈ Z. It remains to determine their values, which follows from Proposition 2.1 by continuity of modular functions over the moduli scheme.
4 Proof of Theorems 1.6 and 1.7 Theorem 1.6 (i) follows from [Strickland1998, Theorem 1.1]. We show the remaining parts in two steps.
The total power operation formula and the Adem relations
To compute ψ p (h), we follow the recipe illustrated in [Zhu2015, Example 3.4] and generalize [Zhu2015, proof of Proposition 6.4]. Since
is zero in the target ring of ψ p , we have
where w p+1 , . . . , w 2 are constants, i.e., they do not involve h, as computed in Theorem 1.6 (i). Applying the Atkin-Lehner involution to this identity, we then get 
The commutation relations
To facilitate computations, we perform a change of variables 
